
Schur modules and Specht modules
Proof techniques

Specht modules decompose as alternating sums
of restrictions of Schur modules

Sami H. Assaf

Department of Mathematics
University of Southern California

David E. Speyer

Department of Mathematics
University of Michigan

27 October 2018

S. H. Assaf and D. E. Speyer Specht modules are alternating sums of Schur modules



Schur modules and Specht modules
Proof techniques

Main results
Motivation

Spechts alternate in Schurs
Let Sλ(Ct) denote Schur modules, the irred. representions of GLt over C where `(λ) ≤ t.

Let Spν denote Specht modules, the irred. representations of St over C where ∣ν∣ = t.

For a partition ν = (ν1, ν2, . . . , νr) and t ≥ ν1 + ∣ν∣, set ν(t) = (t − ∣ν∣, ν1, ν2, . . . , νr).

Since St ⊂ GLt, define nonnegative integers aνλ(t) by the restriction

ResGLt
St

Sλ(Ct
) ≅⊕

ν
Sp

⊕aνλ(t)
ν(t)

Theorem (Littlewood)

For t sufficiently large, the numbers aνλ(t) are independent of t.

Set aνλ = limt→∞ aνλ(t). For ∣λ∣ ≤ ∣ν∣, we have aνλ = δλ,ν . Define integers bνλ by [bνλ] = [aνλ]
−1.

In the representation ring Rep(St) for t large, we are computing change of bases:

[Sλ(Ct
)] =∑

ν

aνλ [Spν(t) ] ⇔ [Spν(t) ] =∑
λ

bνλ [Sλ(Ct
)]

Theorem (Assaf–Speyer)

The integers bνλ are alternating by degree. Precisely, (−1)∣λ∣−∣ν∣bνλ ∈ N.
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Plethystic formulas
Littlewood considered “multiplication” (plethysmos πληθυσµoζ) of representations

GLm GLn GLp

φ ○ ψ

ψ φ
char(ψ) = g
char(φ) = f } char(φ ○ ψ) = f [g]

On level of characters, if g = ∑α gαxα with gα ∈ N, then f [g] = f (

gα times
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
xα, . . . , xα,

gβ times
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
xβ , . . . , xβ , . . .).

Theorem (Littlewood)

Letting sν = ch(Spν) be the Schur function and hn = s(n), we have

aνλ(t) = ⟨sλ, sν(t) [1 + h1 + h2 + h3 +⋯]⟩ = ∑
µ/ν horiz. strip

⟨sλ, sµ[h1 + h2 + h3 +⋯]⟩

Theorem (Assaf–Speyer)

Letting Lm = ch(IndSm
Cm

e2πi/m) = 1
n ∑d∣m µ(d)pm/d

d be the Lyndon symmetric function, we have

bνλ = ∑
ν/µ vert. strip

(−1)∣ν∣−∣λ∣ ⟨sµT , sλT [L1 + L2 + L3 +⋯]⟩
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Tensor product multiplicities

The Kronecker coefficients gα,β,γ give multiplicites for tensor products in St

Spα ⊗ Spβ ≅⊕
γ

Sp
⊕gα,β,γ
γ

where α,β, γ are all partitions of the same size t.

Major open problem: Give a manifestly nonnegative combinatorial formula for gα,β,γ .

Murnaghan observed and Brion proved that for α,β, γ of arbitrary sizes gα(t),β(t),γ(t)
stabilizes for t sufficiently large. The stable Kronecker coefficients ḡα,β,γ are

ḡα,β,γ = lim
t→∞

gα(t),β(t),γ(t)

Major open problem: Give a manifestly nonnegative combinatorial formula for ḡα,β,γ .

The Littlewood–Richardson coefficients cνλ,µ give multiplicites for tensor products in GLt

Sλ(Ct
)⊗ Sµ(Ct

) ≅⊕
ν

Sν(Ct
)
⊕cνλ,µ

where λ,µ, ν are partitions of length at most t satisfying ∣λ∣ + ∣µ∣ = ∣ν∣.

Major solved problem: Give a manifestly nonnegative combinatorial formula for cνλ,µ.

S. H. Assaf and D. E. Speyer Specht modules are alternating sums of Schur modules



Schur modules and Specht modules
Proof techniques

Main results
Motivation

Stable Specht polynomials
Using char(Sλ(Ct)) = sλ(x1, . . . , xt) allows us to solve for cνλ,µ using symmetric functions

sλ(x1, . . . , xt)sµ(x1, . . . , xt) =∑
ν

cνλ,µsν(x1, . . . , xt)

Sadly, Frobenius characters ch(Spν) = sν require Kronecker products for multiplication.

Define the (inhomogeneous) basis of stable Specht symmetric functions s†
ν by the formula

sλ = ∑
ν

aνλs†
ν = ∑

ν
∑

µ/ν horiz. strip
⟨sλ, sµ[h1 + h2 + h3 +⋯]⟩ s†

ν

Since restriction from GLt to St restricts with tensor product, the structure constants of the
stable Specht polynomials are stable Kronecker coefficients,

s†
αs†
β
=∑
γ

ḡα,β,γs†
γ

Corollary (Assaf–Speyer)

The stable Specht polynomials are alternatingly Schur positive. Precisely, we have

s†
ν = ∑

λ

bνλsλ = ∑
λ

∑
ν/µ vert. strip

(−1)∣ν∣−∣λ∣ ⟨sµT , sλT [L1 + L2 + L3 +⋯]⟩ sλ

A direct combinatorial description of stable Specht polynomials might well lead to a
combinatorial rule for the stable Kronecker coefficients ḡα,β,γ .
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Pieri’s rule
Define an intermediate St-representation by Mt

µ = IndSt
S
∣µ∣×St−∣µ∣

Spµ ⊠ 1t−∣µ∣

The Pieri rule for induction allows us to transition between Mt
µ and Spν(t) in Rep(St).

Proposition (Assaf–Speyer)

[Mt
µ] = ∑

ν

⟨sν , sµ[1 + h1]⟩[Spνt ] = ∑
µ/ν horiz. strip

[Spν(t) ]

[Spν(t) ] = ∑
µ

⟨sµT , sνT [−1 + h1]⟩[M
t
µ] = ∑

ν/µ vert. strip
(−1)∣ν∣−∣µ∣[Mt

µ]

The representations Mt
µ arise naturally in representations of the category of finite sets:

a sequence of vector spaces V0,V1,V2, . . .

a functorial map φ∗ ∶ Vt → Vu for each map φ ∶ [t]→ [u] of finite sets

Each Vt is an St-representation, and the category of these form an abelian category.

The simple objects Wµ are indexed by partitions and (Wµ)t ≅ Mt
µ as St-representations.

Wiltshire-Gordon showed Sλ(Ct) are the projective objects, and so finding a nonnegative
expansion for [Sλ(Ct)] into [Mt

µ] is equivalent to finding Jordan-Holder constituents.

Conversely, expanding [Mt
µ] as an alternating sum of [Sλ(Ct)] is a combinatorial shadow of

the problem of finding projective resolutions of the simple objects.
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Lattice of set partitions

Theorem (Assaf–Speyer)

[Sλ(Ct
)] = ∑

µ

⟨sλ, sµ[h1 + h2 + h3 +⋯]⟩[Mt
µ]

Proof. We consider certain Sl ×St representations and compare Spλ-isotypic components.

Let T(l, t) = (Ct)⊗l be the Sl ×St rep. with basis {ei1 ⊗ ei2 ⊗⋯⊗ eil ∣ i1, i2, . . . , il ∈ [t]}

By Schur–Weyl duality, T(l, t) ≅ ⊕
∣λ∣=l

Spλ ⊠ Sλ(Ct
), so we decompose T(l, t) in another way.

Let Πl = lattice of set partitions of {1, 2 . . . , l} ordered by refinement. For π ∈ Π define

D(π, t) = {ei1 ⊗ ei2 ⊗⋯⊗ eil ∈ T(l, t) ∣ ip = iq if and only if p, q ∈ πj for some j}

As an Sl ×St rep we have T(l, t) = ⊕
∣ν∣=l

DSh(ν, t) where DSh(ν, t) = ⊕
Shape(π)=ν

D(π, t).

Then DSh(ν, t) is a permutation representation, so we can compute it by

DSh(ν,m) = IndSl×Sm
∏Sj≀Smj

1 = ∑
∣λ∣=l
∣µ∣=m

∑
∣µ(j)∣=mj

cµ
µ(1)µ(2)⋯µ(r)⟨sλ,∏

j
sµ(j)[hj]⟩ [Spλ ⊠ Spµ]

Inducing DSh(ν, t) = IndSl×St
Sl×Sm×St−m

DSh(ν,m) ⊠ 1t−m gives Mt
µ = IndSt

S
∣µ∣×St−∣µ∣

Spµ ⊠ 1t−∣µ∣. ◻
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Groups acting on posets

We want to invert T(π, t) =⊕ρ⪰π D(ρ, t) to give an expansion for D(l, t) = D(Finem, t).

Let G (Sm) be a group acting on a poset P (Πm) with unique minimal element 0̂ (Finem).

Let V =⊕p∈P Up be a G-representation such that g(Up) = Ugp for each g ∈ G and p ∈ P.

Hall showed the Möbius function m(p) is the reduced Euler characteristic χ̃(∆(0̂, p)).

Definition (Equivariant Möbius function (or Lefschetz element))

Let ∆(0̂, p) be the order complex of (0̂, p) and let H̃j be the reduced homology group. Then

meq(p) =∑
j
(−1)j+1 [H̃j(∆(0̂, p))]

Under the map dim ∶ Rep(Gp)→ Z, we have meq(p) is sent to the Möbius function m(p).

Theorem (Assaf–Speyer)

Let Gp be the stabilizer of p, and for q ∈ P, set Vq ∶=⊕r⪰q Ur. Then in Rep(G) we have

[U0̂] = ∑
p∈G/P

[IndG
Gp

(meq(p)⊗ Vp)]
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The Whitehouse module

Theorem (Assaf–Speyer)

[Mt
µ] = ∑

λ

(−1)∣µ∣−∣λ∣⟨sµT , sλT [L1 + L2 + L3 +⋯]⟩[Sλ(Ct
)]

Proof. We write the Sm ×St rep. D(m, t) in two ways and compare the Spµ components.

Using D(m, t) = D(Finem, t) = DSh((1m), t), from earlier we have D(m, t) ≅ ⊕
∣µ∣=m

Spµ ⊠Mt
µ.

The equivariant Möbius inversion formula specialized to Sm acting on Πm gives

[D(m, t)] = ∑
∣ν∣=m

∑
∣λ∣=`(ν)

[IndSm
Gν

(meq(ν)⊗ Spλ) ⊠ Sλ(Ct
)]

Theorem (Sundaram and Welker)

Let Qj be the Sj rep on H̃j−3(Πj),

H̃∣ν∣−`(ν)−2(∆(Finem, π)) ≅

(Q1§1)⊗ (Q2§ε)⊗ (Q3§1)⊗⋯

Theorem (Stanley (based on Hanlon))

Qm−3 vanishes for i ≠ m − 3, and

Qm−3 ≅ ε⊗ Liem−3

where Liem is the Whitehouse module.

The Whitehouse module Liem is the part of the free Lie algebra on x1, . . . , xm spanned by
commutators [⋯[[xw(1), xw(2)], xw(3)], . . . , xw(m)] for w ∈ Sm. Brandt showed Lm = ch(Liem). ◻
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